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RIGIDITY OF SMOOTH SCHUBERT VARIETIES
IN A RATIONAL HOMOGENEOUS MANIFOLD
ASSOCIATED TO A SHORT ROOT
JAEHYUN HONG AND MINHYUK KWON
Abstract. We classify smooth Schubert varieties S0 in a rational homogeneous man-
ifold S associated to a short root, and show that they are rigid in the sense that any
subvariety of S having the same homology class as S0 is induced by the action of Aut0(S),
unless S0 is linear.
1. Introduction
Let S = G/P be a rational homogeneous manifold associated to a simple root αk.
The identity component Aut0(S) of the automorphism group of S = G/P is equal to G
excepting the cases where (G, {αk}) is (Bℓ, {αℓ}), (Cℓ, {α1}) or (G2, {α1}). In these cases,
we will think of S = G/P as a rational homogeneous manifold G′/P ′ with Aut0(S) = G
′ )
G. The ample generator of the Picard group of S induces a G-equivariant embedding of
S into a projective space.
Under the action of a Borel subgroup of G, S has only finitely many orbits. These
orbits give rise to a cell decomposition of S, so that the homology space of S is generated
freely by the homology classes of their closures, Schubert varieties. In particular, the
homology class of a (complex) subvariety of S is a linear combination of the homology
classes of Schubert varieties with nonnegative coefficients.
Homogeneous submanifolds associated to subdiagrams of the marked Dynkin diagram
of S are smooth Schubert varieties of S, and these are all smooth Schubert varieties when
S is associated to a long root (Proposition 3.7 of [2]). They are rigid except for certain
linear spaces S0 in a rational homogeneous manifold S associated to a short root.
Theorem 1.1 (Theorem 1.1 of [2]). Let S = G/P be a rational homogeneous manifold
associated to a simple root and let S0 = G0/P0 be a homogeneous submanifold associated
to a subdiagram D(S0) of the marked Dynkin diagram D(S) of S. Then any subvariety
of S having the same homology class as S0 is induced by the action of Aut0(S), excepting
when (S, S0) is given by
(a) S = (Cn, αk), S0 = P
b−k, Λ = {αk−1, αb}, 2 ≤ k < b ≤ n;
(b) S = (F4, α3), S0 = P
3 or P1, Λ = {α1, α4} or {α2, α4};
(c) S = (F4, α4), S0 = P
2 or P1, Λ = {α2} or {α3}
where Λ denotes the set of simple roots in D(S)\D(S0) which are adjacent to the subdia-
gram D(S0).
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On the other hand there are non-homogeneous smooth Schubert varieties when S is
associated to a short root. For example, an odd symplectic Grassmannian in the sym-
plectic Grassmannian Grω(k, V ), which was introduced in ([11]), is a smooth Schubert
variety but is not homogeneous. Here, (V, ω) is a complex vector space of dimension
2n with a symplectic form ω and Grω(k, V ) is the variety consisting of ω-isotropic k-
subspaces of V . Fix an isotropic flag F• : F0 ( F1 ( · · · ( F2n = V . The subvariety
Grω(k, V ;Fa, F2n−1−a) of Grω(k, V ) consisting of ω-isotropic subspaces of V , which con-
tain Fa and which are contained in F2n−1−a, is called an odd symplectic Grassmannian.
A smooth Schubert variety of the symplectic Grassmannian is either a homogeneous sub-
manifold associated to a subdaigram of the marked Dynkin diagram of Grω(k, V ), an odd
symplectic Grassmannian, or a linear space (Theorem 1.2 of [5]). Furthermore, an odd
symplectic Grassmannian S0 = Grω(k, V ;Fa, F2n−1−a) for 0 ≤ a ≤ k − 2 is rigid, in the
same sense as in Theorem 1.1, that is, any subvariety of S = Grω(k, V ) having the same
homology class as S0 is induced by the action of Aut0(S) = PSp(V, ω). (Theorem 1.2 of
[2]).
In this paper we will extend these results to other pair (S, S0) consisting of a rational
homogeneous manifold S associated to a short root and a smooth Schubert variety S0 of
S. For the history and background of this kind of rigidity problem, see [2]. Linear spaces
of S are classified in ([10]): a connected component of the space of linear spaces in S
corresponds to a linear Schubert variety of S. Some connected components have more
than one G-orbits, i.e., for some linear Schubert varieties of S there is a deformation in
S which is not obtained by the action of G (For details see [10]). From now on, we will
focus on non-linear smooth Schubert varieties.
Theorem 1.2. Let S = G/P be a rational homogeneous manifold of type (F4, α3) or of
type (F4, α4). Then a non-linear smooth Schubert variety S0 of S is either a homogenous
submanifold associated to a subdiagram of the Dynkin diagram of S or a horospherical
variety embedded into S of the following form:
(1) S0 = (C2, α2, α1) and S = (F4, α3);
(2) S0 = (B3, α2, α3) and S = (F4, α3).
Furthermore, any subvariety of S having the same homology class as S0 is induced by the
action of Aut0(S).
Together with Theorem 1.2 of [5] and Theorem 1.2 of [2] for the case where S is
the symplectic Grassmannian Grω(k, V ), which are explained in the above, we get the
following result.
Theorem 1.3. Let S = G/P be a rational homogeneous manifold associated to a short
root. Then a non-linear smooth Schubert variety S0 of S is either a homogenous subman-
ifold associated to a subdiagram of the Dynkin diagram of S or a horospherical variety
embedded into S of the following form:
(1) S0 = (Cm, αi+1, αi) and S = (Cn, αk), 2 ≤ m ≤ n and 1 ≤ i ≤ m − 1 and
n− k = m− i;
(2) S0 = (C2, α2, α1) and S = (F4, α3);
(3) S0 = (B3, α2, α3) and S = (F4, α3).
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In particular, any smooth Schubert varieties of S is linear when S is of type (F4, α4).
Theorem 1.4. Let S = G/P be a rational homogeneous manifold associated to a short
simple root and let S0 be a non-linear smooth Schubert variety of S. Then any subvariety
of S having the same homology class as S0 is induced by the action of Aut0(S).
For notations, see Section 2.2. For example, (Cm, αi+1, αi) denotes the odd symplectic
Grassmannian consisting of isotropic (i+1)-subspaces of (C2m+1, ω) and (Cn, αk) denotes
the symplectic Grassmannian Grω(k,C
2n) consisting of isotropic k-subspaces of (C2n, ω).
We remark that Richmond-Slofstra [15] obtained the same classification of smooth
Schubert varieties of rational homogeneous manifold of Picard number one by using a
combinatorial method developed by [1] (Grassmnnian Schubert varieties in [15] are Schu-
bert varieties in rational homogeneous manifolds of Picard number one in our paper). We
reprove it by a geometric method (Proposition 3.7 of [2] and Theorem 1.3). One advantage
of our geometric method is that it gives not just classification but also their rigidity (The-
orem 1.4) at the same time. Moreover, we describe smooth Schubert varieties of rational
homogeneous manifolds of Picard number one geometrically: it is either a homogeneous
submanifold associated to a subdiagram of the Dynkin diagram of S, a linear space, or
a horospherical variety. This is not true for rational homogeneous manifolds of higher
Picard number. For example, odd symplectic flag manifolds ([11]) are smooth Schubert
varieties of symplectic flag manifolds but they are not horospherical.
The remainder of this paper is organized as follows. In Section 2 we give basic
definitions and properties of Schubert varieties, horospherical varieties. We also explain
our main tool, varieties of minimal rational tangents. We will restrict ourselves to the case
when S is of type (F4, α3) or of type (F4, α4). In Section 3 we classify smooth Schubert
varieties of the rational homogeneous manifold of type (F4, α3) and prove their rigidity,
and we complete the proof of Theorem 1.2 in the last section by showing that any smooth
Schubert varieties of the rational homogeneous manifold of type (F4, α4) is linear.
2. Preliminaries
2.1. Schubert varieties. Let G be a connected semisimple algebraic group over C. Take
a Borel subgroupB of G and a maximal torus T in B. Denote by ∆+ the system of positive
roots of G and by Φ = {α1, · · · , αℓ} the system of simple roots of G. For a root α, write
α =
∑ℓ
i=1 ni(α)αi. Let t be the Lie algebra of T . To each simple root αk we associate
a parabolic subgroup P of G, whose Lie algebra p is given by p = t +
∑
nk(α)≥0
gα. The
reductive part of p is given by t +
∑
nk(α)=0
gα and the nilpotent part of p is given by∑
nk(α)>0
gα. The homogeneous manifold S = G/P is called the rational homogeneous
manifold associated to αk. We will denote it by (G,αk).
Let W be the Weyl group of G. For w ∈ W, set ∆(w) = {β ∈ ∆+ : w(β) ∈ −∆+}.
Define a subset WP of W by WP := {w ∈ W : ∆(w) ⊂ ∆(UP )}, where ∆(UP ) =
{α ∈ ∆+ : nαk(α) > 0}. Then we have a cell decomposition S =
∐
w∈WP B.xw, where
xw = wP,w ∈ W
P are T -fixed points in S. For each w ∈ WP , the closure S(w) of B.xw
is called the Schubert variety of type w.
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2.2. Horospherical varieties. Let L be a connected reductive algebraic group. Let H
be a closed subgroup of L. A homogeneous space L/H is said to be horospherical if H
contains the unipotent radical of a Borel subgroup of L. In this case, the normalizer
NL(H) of H in L is a parabolic subgroup P of L and P/H is a torus (C
×)r. Thus there is
a (C×)r-bundle structure on L/H over L/P . A normal L-variety is called horospherical if
it contains an open dense L-orbit isomorphic to a horospherical homogeneous space L/H.
For a dominant weight ̟ of L let VL(̟) denote the irreducible representation space
of L with highest weight ̟. Fix a Borel subgroup of L. Let {α1, · · · , αn} be the system of
simple roots of L and let {̟1, · · · ,̟n} be the system of fundamental weights of L. Take
a highest weight vector vi in VL(̟i) for i = 1, · · · n. Then the L-orbit of [vi] in P(VL(̟i))
is the rational homogeneous variety of type (L,αi).
For i 6= j, the closure of the L-orbit of [vi+vj] in P(VL(̟i)⊕VL(̟j)) is a horospherial
L-variety (Proposition 2.1 of [4]). We will denote the closure of L.[vi + vj ] in P(VL(̟i)⊕
VL(̟j)) by (L,αi, αj). It has three G-orbits: one open orbit L.[vi + vj] and two closed
orbits, L.[vi] and L.[vj ]. For more details on horospherical varieties see [13].
Proposition 2.1 (Proposition 1.8 and Proposition 1.9 and Proposition 1.10 of [13]).
(1) The horospherical variety (An, α1, αn) with n ≥ 2 is isomorphic to the rational
homogeneous manifold of type (Dn+1, α1).
(2) The horospherical variety (An, αi, αi+1) with n ≥ 3 and 1 ≤ i ≤ n−1 is isomorphic
to the rational homogeneous manifold of type (An+1, αi+1).
(3) The horospherical variety (Dn, αn−1, αn) with n ≥ 4 is isomorphic to the rational
homogeneous manifold of type (Dn+1, αn) = (Bn, αn).
Proposition 2.2 (Theorem 0.1 and Theorem 1.7 of [13]). Let L be a connected reductive
algebraic group. Let X be a smooth projective horospherical L-variety of Picard number
one. Then X is either homogeneous or one of the following.
(1) (Bn, αn−1, αn), n ≥ 3;
(2) (B3, α1, α3);
(3) (Cn, αi+1, αi), n ≥ 2 and i ∈ {1, 2, · · · , n− 1};
(4) (F4, α2, α3);
(5) (G2, α2, α1).
In Proposition 4.1 of [4], we describe an equivariant embedding of a smooth horo-
spherical variety of Picard number one into a rational homogeneous manifold of Picard
number one as a linear section. Among them (Cm, αi+1, αi) is a smooth Schubert variety
of (Cm+1, αi+1). We have two more smooth Schubert varieties as follows.
Proposition 2.3. Let S be a rational homogeneous manifold of type (F4, α3) and let S0
be one of the following horospherical varieties:
(1) S0 = (B3, α2, α3);
(2) S0 = (C2, α2, α1);
Then there is an embedding of S0 into S as a smooth Schubert variety.
Proof. We recall how to embed X = (B3, α2, α3) into S = (F4, α3). For details see [4].
The rational homogeneous manifold S = (B3, α3) can be embedded into the variety Cx(S)
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of minimal rational tangents of S = (F4, α4) at x ∈ S, and the isotropy group P of
G = Aut(S) at x acts transitively on S. Thus the cone Ŝ over S with vertex x can be
embedded into S as a linear section and P stabilizes Ŝ. Furthermore, X is the Fano variety
F1(Ŝ) of lines lying on the cone Ŝ over S, and S can be embedded into the Fano variety
F1(S) of lines lying on S. The embedding of X into S is induced by the embedding of Ŝ
into S. Therefore, P stabilizes X.
Since the stabilizer of X in G = Aut(S) contains a Borel subgroup of G and X is
irreducible, X is a Schubert variety (Proposition 2.1 in [2]). This completes the proof for
the case (1).
For (2) just embed S0 into a rational homogeneous manifold S1 of type (C3, α2)
and consider the embedding of S1 into S as a homogeneous submanifold associated to a
subdiagram of the marked Dynkin diagram of S. 
2.3. Varieties of minimal rational tangents. Let X be a uniruled projective manifold
with an ample line bundle L. By a (parameterized) rational curve on X we mean a
nonconstant holomorphic map f : P1 → X. A rational curve f is said to be free if the
pull-back f∗TX of the tangent bundle TX of X on P1 is semipositive. A free rational
curve f such that the degree f∗L is minimum among all free rational curves is called a
minimal rational curve. Let H be a connected component of Hom(P1,X) containing a
minimal rational curve and let H0 be the subset consisting of free rational curves. The
quotient space K = H0/Aut(P1) of (unparameterized) minimal rational curves is called a
minimal rational component.
Fix a minimal rational component K. When we say a minimal rational curve we mean
a rational curve belonging to K. For a general x ∈ X the space Kx of minimal rational
curves passing through x is a projective manifold. Define a rational map Ψ from Kx to
P(TxX) by sending a minimal rational curve immersed at x to the tangent line at x. The
strict transformation Cx(X) of Ψ is called the variety of minimal rational tangents of X
at x. The union of Cx(X) over general x ∈ X forms a fiber bundle C(X) over X. The
variety of minimal rational tangents was introduced in [6] to study geometric structures
on uniruled projective manifolds. For more details on the variety of minimal rational
tangents and its applications to the study of geometric structures on uniruled projective
manifolds, see [12], the most recent survey.
Let S = G/P be a rational homogeneous manifold associated to a simple root. Then
the Picard number of S is one and the ample generator L of the Picard group defines
a G-equivariant embedding of S into the projective space P(H0(S,L)∗) = PN . Lines
P1 in PN lying on S are minimal rational curves, and we will choose the family K of
lines lying on S as our minimal rational component, so that the variety Cx(S) of minimal
rational tangents of S at any x in S is defined by the space of all tangent directions of
lines lying on S passing through x. If S is associated to a long root, then G acts on K
transitively. If S is associated to a short root, then K has two G-orbits. In any case, by
a general line we mean a line corresponding to a point in the open G-orbit in K, and by
a general point in Cx(S) we mean the tangent direction of a general line. Let Cx(S)
gen
denote the subvariety of Cx(S) consisting of the tangent directions of general lines in S.
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For an explicit description of the variety Cx(S) of minimal rational tangents of S and its
application to the deformation rigidity of S, see [7], [8], and [9].
Let S0 be a Schubert variety of S. By Proposition 3.1 of [2], S0 is covered by lines of
S lying on S0 and is of Picard number one (the same arguments in the proof work for the
case when S0 is singular). Consider the family K0 of all lines lying on S0. The stabilizer
StabG(S0) of S0 in G is a parabolic subgroup of G. By a general point in S0 we mean
a point x in the open orbit of StabG(S0) in S0. In particular, the base point of S0 is a
general point. For a general point x of S0, define the variety Cx(S0) of minimal rational
tangents of S0 at x by the set of tangents directions of lines lying on S0 passing through
x. Then Cx(S0) = Cx(S) ∩ P(TxS0) (Proposition 3.1 of [2]). By a general point of Cx(S0)
we mean a point in Cx(S0) ∩ Cx(S)
gen.
Let x0 be the base point of S at which the isotropy group of G is P . Let B be a Borel
subgroup of G contained in P and T be a maximal torus of B. Let L be the reductive
part of P containing T .
Proposition 2.4 (p.352 of [2], Proposition 4.1 of [5]). Let S = G/P be a rational homo-
geneous manifold associated to a simple root and let S0 be a Schubert variety. Let x = gx0
be a general point of S0 and let (L ∩ B)x denote the conjugate g(L ∩ B) of the Borel
subgroup L ∩B of L. Then
(1) Cx(S0) is invariant under the action of (L ∩B)x.
(2) If S0 is smooth, then Cx(S0) is smooth and is the closure of a (L ∩ B)x-orbit in
Cx(S).
Proof. For the base point xw = w.x0 of S0, (1) and (2) follows from the arguments in
p.352 of [2] or Proposition 4.1 of [5]. It remains to show (1) for a general point x of S0,
i.e., for any point in the orbit of StabG(S0) of xw. By arguments in p.352 of [2], Cxw(S0) is
invariant under the action of (L∩B)xw = w(L∩B). Then Cgxw(gS0) is invariant under the
action of gw(L∩B) for any g ∈ G. In particular, for b ∈ StabG(S0), Cbxw(S0) = Cbxw(bS0)
is invariant under the action of bw(L ∩ B). Therefore, for a general point x = bxw of S0,
Cx(S0) is invariant under the action of (L ∩B)x = bw(L ∩B). 
We will consider the following two conditions (I), (II) on the variety Cx(S0) of minimal
rational tangent of the ‘model’ Schubert variety S0:
(I) at a general point α ∈ Cx(S0), for any h ∈ Px sufficiently close to the identity
element e ∈ Px and satisfying Tα (hCx(S0)) = Tα (Cx(S0)) we must have hCx(S0) =
Cx(S0);
(II) any local deformation of Cx(S0) in Cx(S) is induced by the action of Px.
Proposition 2.5 (Proposition 3.2 of [2]). Let S = G/P be a rational homogeneous man-
ifold associated to a simple root, and S0 be a smooth Schubert variety of S. Assume that
Cx(S0) satisfies (I) and (II) at a general point x ∈ S0. Then, the following holds true.
(1) If a smooth subvariety Z of S is uniruled by lines of S lying on Z and contains x
as a general point with Cx(Z) = Cx(S0), then S0 is contained in Z.
(2) Any local deformation of S0 in S is induced by the action of G.
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3. (F4, α3)-case
Let S = G/P be the rational homogeneous manifold of type (F4, α3). Let o ∈ S be
the base point. Then Co(S) is the projectivization of the cone
{e⊗ q + (f ∧ f ′)⊗ q2 : e ∧ f ∧ f ′ = 0, e, f, f ′ ∈ E, q ∈ Q}
in (E ⊗ Q) ⊕ (∧2E ⊗ S2Q), where E is a complex vector space of dimension 3 and Q is
a complex vector space of dimension 2 (see [8]). Via the map [e ⊗ q + (f ∧ f ′) ⊗ q2] ∈
C0(S) 7→ [q] ∈ P(Q), Co(S) can be think of as a fiber bundle over P(Q) = P
1 with fiber
isomorphic to the smooth quadric Q4 ⊂ P(E ⊕ ∧2E). Let ρ : P → GL(ToS) be the
isotropy representation. Then ρ(P ) is (SL(E)×SL(Q))⋉ (E∗ ⊗Q∗), where E∗⊗Q∗ acts
on E ⊗Q trivially and maps ∧2E ⊗ S2Q to E ⊗Q
If S0 is the homogeneous submanifold associated to the subdiagram of of type (C3, α2)
of S, then Cx(S0) is the linear section of Cx(S) by P((F2 ⊗ Q)⊕ (F
⊥
2 ⊗ S
2Q)), where F2
is a subspace of E of dimension 2, and is isomorphic to P(O(−1)2 ⊕O(−2)).
If S0 is the horospherical variety (B3, α2, α3) in S, then Cx(S0) is the linear section of
Cx(S) by P((F1 ⊗Q)⊕ (F
⊥
1 ⊗ S
2Q)), where F1 is a subspace of E of dimension 1, and is
isomorphic to P(O(−1)⊕O(−2)2).
If S0 is the horospherical variety (C2, α2, α1) in S, then Cx(S0) is the linear section of
Cx(S) by P((e ⊗ Q) ⊕ (f
∗ ⊗ S2Q)), where e ∈ E and f∗ ∈ E∗ be such that 〈e, f∗〉 = 0,
and is isomorphic to P(O(−1)⊕O(−2)).
Lemma 3.1. Let B1 be a Borel subgroup of SL(E). The smooth closures of B1-orbits in
Q4 ⊂ P(E ⊕ ∧2E) ≃ P(E ⊕ E∗) intersecting the open SL(E)-orbit are given by
Q4,P(F1 ⊕ F
⊥
1 ), P(F2 ⊕ F
⊥
2 ), P(V1 ⊕W1)
where Fi (i = 1, 2) is a subspace of E of dimension i and F
⊥
i is the annihilator of Fi, and
V1 is a subspace of E of dimension one and W1 is a subspace of V
⊥
1 of dimension one.
Proof. Take a basis {e1, e2, e3} of E compatible with B
1. Let E˜ be a vector space of
dimension 4 containing E. Extend {e1, e2, e3} to a basis {e1, e2, e3, e4} of E˜. Recall that
the isomorphism E ⊕ ∧2E → ∧2E˜ is given by e + f ∧ f ′ 7→ e ∧ e4 + f ∧ f
′ and, under
this isomorphism, the closure of SL(E).[e1 + e1 ∧ e2] in P(E ⊕ (∧
2E)) is isomorphic to
G(2, 4) ≃ Q4 ⊂ P(∧2E˜) ≃ P5 (Proposition 2.1). Identifying ∧2E with E∗ and considering
quadratic form on E ⊕E∗, we can see that the closure of SL(E).[e1 + e
∗
3] in P(E ⊕E
∗) is
Q4 ⊂ P5.
Now Q4 has three SL(E)-orbits, P(E), P(E∗) and the open orbit O. The closures of
B1-orbits in Q4 which intersect the open orbit O are
(a) cl(B1.(e1 + e
∗
3)) = Q
4
(b) cl(B1.(e1 + e
∗
2)), cl(B1.(e2 + e
∗
3)) (3-dimensional and singular)
(c) cl(B1.(e2 + e
∗
1)) = P
2, cl(B1.(e3 + e
∗
2)) = P
2
(d) cl(B1.(e3 + e
∗
1)) = P
1
We may express P2’s in (c) as P(F2 ⊕ F
⊥
2 ) and P(F1 ⊕ F
⊥
1 ), where Fi is a subspace of E
of dimension i and F⊥i is the annihilator of Fi for i = 1, 2. 
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The space K of P2’s in Q4 ⊂ P(E⊕∧2E) ≃ P(E⊕E∗) has two connected components,
K1 and K2, each of which is isomorphic to P
3. One of them contains P(E), and the other
contains P(E∗).
Lemma 3.2. Each connected component of the space of P2’s in Q4 ⊂ P(E ⊕E∗) has two
SL(E)⋉ E∗-orbits: one is closed and the other is open.
Proof. Let P(F ) be a P2 contained in Q4 in the same connected component as P(E). If
P(F ) 6= P(E), then we have dim(P(F ) ∩ P(E)) = 0, and (P(F ) ∩ P(E∗) has dimension 1
or is empty). In the first case, we have
F = F1 ⊕ F
⊥
1
for some subspace F1 ⊂ E of dimension 1. In the second case, there is a linear map
ϕ : E → ∧2E such that dimKerϕ = 1 and F = Fϕ, where Fϕ ⊂ E is the graph of ϕ. Let
ϕ1 : E → ∧
2E be a linear map defined by ϕ1(e) = e1∧e, where e1 is a basis of Kerϕ. The
condition e ∧ ϕ(e) = 0 for any e ∈ E implies that ϕ is λϕ1 for some λ ∈ C
× = C − {0}.
To see this, extend {e1} to a basis {e1, e2, e3} of E and write
ϕ(e2) = ϕ
2
12e1 ∧ e2 + ϕ
2
23e2 ∧ e3 + ϕ
2
31e3 ∧ e1
ϕ(e3) = ϕ
3
12e1 ∧ e2 + ϕ
3
23e2 ∧ e3 + ϕ
3
31e3 ∧ e1.
From 0 = e2 ∧ ϕ(e2) = e3 ∧ ϕ(e3) it follows that ϕ
2
31 = ϕ
3
12 = 0. From 0 = (e1 + e2) ∧
(ϕ(e1) + ϕ(e2)) = e1 ∧ ϕ(e2) + e2 ∧ ϕ(e2) = e1 ∧ ϕ(e2) it follows that ϕ
2
23 = 0. Similarly,
ϕ323 = 0. From 0 = (e2 + e3) ∧ (ϕ(e2) + ϕ(e3)) = e2 ∧ ϕ(e3) + e3 ∧ ϕ(e2), it follows that
e2∧(ϕ
3
31e3∧e1)+e3∧(ϕ
2
12e1∧e2) = 0 and thus ϕ
3
31 = −ϕ
2
12. Put λ := ϕ
2
12. Then ϕ = λϕ1
and Fϕ is spanned by
e1, e2 + λe1 ∧ e2, e3 − λe3 ∧ e1.
We remark that limλ→0 Fλϕ1 = E and limλ→∞ Fλϕ1 = F1 ⊕ F
⊥
1 , where F1 = Kerϕ1.
The action of E∗ on E ⊕ ∧2E is given by zero on E and by the interior product on
∧2E. For example, ce∗1.(e1 ∧ e2) = ce2 + e1 ∧ e2 and ce
∗
1.(e3 ∧ e1) = −ce3 + e3 ∧ e1, where
c ∈ C. Hence, there is an element e ∈ E∗ which maps P(F1⊕F
⊥
1 ) to P(Fϕ), while P(E) is
fixed by the action of SL(E) ⋉ E∗. Therefore, the connected component of the space of
P2’s in Q4 containing P(E) has two SL(E)⋉E∗-orbits, the orbit of P(E) (which is a one
point set {P(E)}) and the orbit of P(F1 ⊕F
⊥
1 ), where F1 is a subspace of E of dimension
one. The first one is closed and the second one is open.
Let P(F ) be a P2 contained in Q4 in the same connected component as P(E∗). If
P(F ) 6= P(E∗), by the same arguments as in the previous case, F is either F2 ⊕ F
⊥
2 for
some subspace F2 of E of dimension 2 or is spanned by
e2 ∧ e3 + λe2, e3 ∧ e1 − λe1, e1 ∧ e2
for some basis {e1, e2, e3} of E. Subspaces F of the first form are fixed by the action of
E∗. For each subspace F of the second form, there is an element e∗ ∈ E∗ which maps
E∗ to 〈e2 ∧ e3 + λe2, e3 ∧ e1 − λe1, e1 ∧ e2〉 (just think of E
∗ as 〈e2 ∧ e3, e3 ∧ e1, e1 ∧ e2〉).
Therefore, the connected component of the space of P2’s in Q4 containing P(E∗) has two
SL(E)⋉E∗-orbits, the orbit of P(E∗) and the orbit of P(F2⊕F
⊥
2 ), where F2 is a subspace
of E of dimension two. The first one is open and the second one is closed. 
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Remark. Let Y0 = P(V1 ⊕ W1) where V1 ⊂ E is a subspace of dimension one and
W1 ⊂ V
⊥
1 is a subspace of dimension one. Since any line P
1 in Q4 is the intersection of
two P2’s, contained in different connected components of K, any local deformation Yt of
Y0 is the intersection X1,t ∩ X2,t, where Xi,t belongs to in Ki for i = 1, 2. In the proof
of Proposition 3.2, we prove that, up to the action of SL(E) ⋉ E∗, X1,t = P(V1 ⊕ V
⊥
1 ).
Since Yt = X1,t ∩ X2,t is P
1, X2,t is of the form P(F2,t ⊕ F
⊥
2,t), where F2,t is a subspace of
E of dimension two, and Yt is of the form P(V1 ⊕W1,t), where W1,t is a subspace of V
⊥
1
of dimension one. Therefore, up to the action of SL(E) ⋉ E∗ again, Yt = Y0.
Proposition 3.3. Let S = G/P be the rational homogeneous manifold of type (F4, α3).
Varieties of minimal rational tangents of smooth Schubert varieties of S are of the follow-
ing forms:
Co(S) ∩ P((E ⊗ q)⊕ (E
∗ ⊗ q2)) Co(S)
P(E ⊗ q) Co(S) ∩ P((F1 ⊗Q)⊕ (F
⊥
1 ⊗ S
2Q))
P((F2 ⊗ q)⊕ (F
⊥
2 ⊗ q
2)) Co(S) ∩ P((F2 ⊗Q)⊕ (F
⊥
2 ⊗ S
2Q))
P(F2 ⊗ q) Co(S) ∩ P((V1 ⊗Q)⊕ (W1 ⊗ S
2Q))
P(F1 ⊗ q) P(e⊗Q)
where Fi is a subspace of E of dimension i for i = 1, 2 and V1 is a subspace of E of
dimension one and W1 is a subspace of V
⊥
1 of dimension one and e ∈ E and q ∈ Q.
The corresponding smooth Schubert varieties are
(B3, α3) S
P3A3 (C3, α2)
(B2, α2) (B3, α2, α3)
P2A2 (C2, α2, α1)
(A1, α1) (A2, α1)
where (L,αi) denotes the homogeneous submanifold of S associated to a subdiagram of
type (L,αi), and (L,αi, αj) denotes the horospherical variety embedded in S as in Propo-
sition 2.3, and P3A3 and P
2
A2
denote P3 and P2 in (B3, α3) which are not associated to a
subdiagram of the Dynkin diagram of S.
Proof. Recall that the variety Co(S) of minimal rational tangents of S = G/P is the
projectivization of the cone
{e⊗ q + f∗ ⊗ q2 : 〈e, f∗〉 = 0, e ∈ E, f∗ ∈ E∗, q ∈ Q}
in (E ⊗ Q) ⊕ (E∗ ⊗ S2Q), where E is a complex vector space of dimension 3 and Q is
a complex vector space of dimension 2, and that the fiber over [q] ∈ P(Q) is {e ⊗ q +
f∗ ⊗ q2 : 〈e, f∗〉 = 0, e ∈ E, f∗ ∈ E∗} ≃ Q4. The semisimple part L = L1 × L2 of P is
SL(E) × SL(Q) and L ∩B is B1 × B2, where B1 is a Borel subgroup of SL(E) and B2
is a Borel subgroup of SL(Q).
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Let S0 be a smooth Schubert variety of S and w ∈ W
P be the element corresponding
to S0, i.e., S0 is the closure of the B-orbit B.x at x = w.o. By Proposition 2.4 Co(w
−1S0)
is the closure of a B1×B2-orbit B1×B2(e⊗ q+ f∗⊗ q2), where (e, f∗) ∈ E⊕E∗ satisfies
〈e, f∗〉 = 0 and q ∈ Q.
Case 1. If S0 does not have a general line, then Co(w
−1S0) is contained in Co(S)\C0(S)
gen,
and thus it is contained in P(E ⊗ Q). Therefore, Co(w
−1S0) is one of the followings:
P(E ⊗ q), P(F2 ⊗ q), P(F1 ⊗ q), P(e⊗Q).
Case 2. If S0 has a general line, then Co(w
−1S0) intersects Co(S)
gen nontrivially. By
Lemma 3.1 the smooth closure of a B1 × B2-orbit in Co(S) which is a linear section of
Co(S) and intersects Co(S)
gen, is one of the followings:
Co(S) ∩ P((E ⊗ q)⊕ (E
∗ ⊗ q2)) Co(S)
P((F1 ⊗ q)⊕ (F
⊥
1 ⊗ q
2)) Co(S) ∩ P((F1 ⊗Q)⊕ (F
⊥
1 ⊗ S
2Q))
P((F2 ⊗ q)⊕ (F
⊥
2 ⊗ q
2)) Co(S) ∩ P((F2 ⊗Q)⊕ (F
⊥
2 ⊗ S
2Q))
P((V1 ⊗ q)⊕ (W1 ⊗ q
2)) Co(S) ∩ P((V1 ⊗Q)⊕ (W1 ⊗ S
2Q))
where Fi is a subspace of E of dimension i for i = 1, 2 and V1 is a subspace of E of
dimension one and W1 is a subspace of V
⊥
1 of dimension one and e ∈ E and q ∈ Q. (Note
that Co(w
−1S0) cannot be contained in P(E
∗ ⊗ S2Q).)
Among them, the P -orbits of P((F1 ⊗ q) ⊕ (F
⊥
1 ⊗ q
2)) and P((V1 ⊗ q) ⊕ (W1 ⊗ q
2))
are not closed (see the proof of Proposition 3.2), so that they cannot be the varieties of
minimal rational tangents of Schubert varieties.
Combining lists in Case 1 and in Case 2, we get the desired list. 
Proposition 3.4. Let S be the rational homogeneous manifold of type (F4, α3) and let S0
be either (C2, α2, α1) or (B3, α2, α3). Then Cx(S0) at a general point x ∈ S0 satisfies (I)
and (II) in Proposition 2.5.
Proof. We will use the same notations as in Proposition 3.3. Assume that S0 is (B3, α2, α3).
Then Z0 := Cx(S0) is the linear section of Z := Cx(S) by P((F1 ⊗Q) ⊕ (F
⊥
1 ⊗ S
2Q) and
thus Z0 is the projectivization P(F) of the vector bundle F of rank 3 over P(Q), whose
fiber over [q] ∈ P(Q) is (F1 ⊗ q)⊕ (F
⊥
1 ⊗ q
2). Hence F is isomorphic to O(−1)⊕O(−2)2
over P1.
Any local deformation P(Ft) of P(F) is also isomorphic to P(O(−1) ⊕ O(−2)
2), so
that there is a subbundle F1,t ⊂ Ft such that F1,t⊗O(1) is a trivial vector bundle of rank
one. Then there is a subspace F1,t ⊂ E of dimension one such that the fiber of F1,t at
[q] ∈ P(Q) is F1,t ⊗ q. By acting an element of SL(E), we may assume that F1,t = F1.
By the proof of Lemma 3.2, the fiber of Ft at [q] ∈ P(Q) is the graph Fλϕ1 of
λϕ1 : E → E
∗ for some λ 6= 0 ∈ C ∪ {∞}, depending on [q]. Since the assignment
[q] ∈ P(Q) 7→ λ ∈ (C − {0}) ∪ {∞} is holomorphic, it is constant. Consequently, Ft is F
up to the action of (SL(E)× SL(Q))⋉ (E∗ ⊗Q∗).
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For h ∈ (SL(E) × SL(Q)) ⋉ (E∗ ⊗Q∗) having nontrivial factor in E∗ ⊗Q∗, there is
a nonzero linear function ϕ : E → E∗ such that hP(F) = P(Fϕ), where Fϕ is the vector
bundle over P(Q) whose fiber at [q] ∈ P(Q) is {e⊗ q+ϕ(e)⊗ q∗ : e ∈ E}. Then any point
in P(F)∩hP(F) is non-generic. If h is in SL(E)×SL(Q) and P(F) is tangent to hP(F))
at α ∈ P(F) ∩ hP(F)), then hP(F) = P(F).
By a similar arguments we get the desired results when S0 is (C2, α2, α1). 
Proposition 3.5. Let S = G/P be the rational homogeneous manifold of type (F4, α3).
Then a smooth Schubert variety of S is one of the following:
(1) a homogeneous submanifold associated to a subdiagram of the marked Dynkin di-
agram of S;
(2) a linear space;
(3) (B3, α2, α3) or (C2, α1, α2), embedded as in Proposition 2.3.
Proof. Proposition 3.3 and Proposition 3.4 and Proposition 2.5. 
Proposition 3.6. Let S be the rational homogeneous manifold of type (F4, α3) and let S0
be either (C2, α2, α1) or (B3, α2, α3). Then any local deformation of S0 in S is induced by
the action of G.
Proof. By Proposition 2.5 and Proposition 3.4, any local deformation of S0 in S is induced
by the action of G. 
4. (F4, α4)-case
In this section we will consider the case when S is the rational homogeneous manifold
of type (F4, α4) and prove that any smooth Schubert variety of rational homogeneous
manifold S of type (F4, α4) is linear (Proposition 4.1). We will use that S is a hyper-
plane section of another rational homogenoeus manifold S′ of Picard number one, which
is associated to a long simple roots, and that any smooth Schubert variety of S′ is a
homogeneous submanifold associated to a subdiagram of the marked Dynkin diagram of
S′ (Proposition 3.7 of [2]).
Let G be the simple group of type F4 and let W be the irreducible G-representation
space of highest weight ̟4 and let w4 be a highest weight vector in W . Then the G-orbit
of x0 := [w4] in P(W ) is the rational homogeneous manifold S = G/P of type (F4, α4).
Let G′ be the simple Lie group of type E6 and let W
′ be the irreducible E6-representation
space of highest weight ̟6 and let w
′
6 be a highest weight vector inW
′. Then the G′-orbit
of x′0 := [w
′
6] ∈ P(W
′) is the rational homogeneous manifold S′ = G′/P ′ of type (E6, α6).
W can be embedded into W ′ equivariantly as a hyperplane with x0 = x
′
0 and S = G/P
is the hyperplane section of S′ = G′/P ′ by P(W ). Here, we use the same notation for the
fundamental weights ̟1, . . . ,̟4 of G of type F4 and the fundamental weights ̟1, . . . ,̟6
of G′ of type E6, for the simplicity of notations. We will adapt the same convention
afterwards as long as it does not make any confusion.
For w ∈ WP , let S(w) be the closure of B-orbit B.xw in S, and for w
′ ∈ WP
′
, let
S′(w′) be the closure of B′-orbit B′.xw′ in S
′, where xw′ := w
′.x0. The inclusion map
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WG →֒ WG′ from the Weyl group of G to the Weyl group of G
′ induces an injective map
WP =WG/WP →֒ W
P ′ =WG′/WP ′
(Figure A and Figure B). Thus for w ∈ WP , B.xw is contained in B
′.xw′ for a unique
w′ ∈ WP
′
. Then we have either B.xw = B
′.xw′ ⊂ P(W ) or B.xw ( B
′.xw′ and B.xw =
B′.xw′ ∩ P(W ), so that we have either S(w) = S
′(w′) ⊂ P(W ) or S(w) ( S(w′) and
S(w) = S′(w′) ∩ P(W ). In any case we have S(w) = S(w′) ∩ P(W ).
By using this relation betweenWP andWP
′
and the description of the Zariski tangent
space Tx0S(w) of the Schubert variety S(w) at the base point x0 (Theorem 3.2 of [14])
we can show that the dimension of Tx0S(w) is greater than the length of w unless S(w)
is a linear space, so that there is no smooth Schubert variety other than linear spaces in
S. Instead of doing this, we apply the theory of the variety of minimal rational tangents
again as in the previous section for the unity of the method.
The semisimple part of the reductive part L of P is of type B3 and the variety
Z := Cx0(S) of minimal rational tangents of S at x0 is the closure of L-orbit of [v1+v3] in
P(V ), where V is the direct sum V (̟1) ⊕ V (̟3), where V (̟i) is the B3-representation
space of highest weight ̟i for i = 1, 2, 3 (see [9]). Z is smooth and is of Picard number
one and is uniruled by lines lying on Z.
Let z0 := [v1] ∈ P(V ). Then the P -orbit of z0 is open in Z and the L-orbit of z0
is closed. Let Q denote the isotropy group of L at z0. Then the semisimple part of the
reductive part H of Q is of type B2 and the variety A := Cz0(Z) of minimal rational
tangents of Z at z0 is the closure of H-orbit of [u1 + u2], where ui is a highest weight
vector of B2-representation space U(̟i) of highest weight ̟i for i = 1, 2.
Let X be the closure of a H ∩B-orbit in Z. As in the case of Schubert varieties, for
a point x in the open H ∩ B-orbit in X , we define the variety Cx(X ) of minimal rational
tangents by the set of tangent directions of lines lying on X passing through x.
Proposition 4.1. Let S = G/P be the rational homogeneous manifold of type (F4, α4).
Then any smooth Schubert variety of S other than S itself is linear.
Proof. Let S0 be a Schubert variety of type w, i.e., the closure of B-orbit of xw := wx0,
where w ∈ WP . By Proposition 2.4, Cxw(S0) is invariant under the action of the Borel
subgroup w(L ∩ B) of w(L). Thus Z0 := Cx0(w
−1S0) is invariant under the action of
L ∩B.
Assume that S0 is smooth. Then Z0 is smooth and is the closure of an L∩B-orbit in
Z (Proposition 2.4). It suffices to show that Z0 is linear. As in the case when S is of type
(F4, α3), we may be able to classify L∩B-orbits in Z and to determine which closures are
smooth. Instead of doing this, we will prove that the variety Cz(Z0) of minimal rational
tangents of Z0 at a general point z ∈ Z0 is linear, by showing that it is the closure of
a (H ∩ B)z-orbit in Cz(Z) and by using that any smooth closure of (H ∩ B)-orbit in
A = Cz0(Z) is linear.
If S0 does not contain a general line, then Z0 is contained in Z ∩ P(V (̟3)) which
is a rational homogeneous manifold of type (B3, α3), and thus Z0 is linear because any
smooth Schubert variety of the rational homogeneous manifold of type (B3, α3) is linear.
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S˜1
sα˜1
S˜2
sα˜3
S˜3
sα˜4
S˜4
sα˜2 sα˜5
S˜5 S˜6
sα˜5 ss˜6
sα˜2
S˜7 S˜8
sα˜4 sα˜2
ss˜6
S˜9 S˜10
sα˜3 sα˜4
ss˜6
S˜11 S˜12
sα˜1 ss˜6 sα˜3 sα˜5
S˜13 S˜14 S˜15
ss˜6 sα˜1 sα˜5 sα˜3
S˜16 S˜17
sα˜5 sα˜4
sα˜1
S˜18 S˜19
sα˜4 sα˜2
sα˜1
S˜20 S˜21
sα˜3 sα˜1
sα˜2
S˜23 S˜22
sα˜2 sα˜3
S˜24
sα˜4
S˜25
sα˜5
S˜26
ss˜6
S˜27
[ Figure A : Hasse diagram of S′ ]
S1
sα4
S2
sα3
S3
sα2
S4
sα1 sα3
S5 S6
sα3 sα4
sα1
S7 S8
sα2 sα1
sα4
S9 S10
sα3 sα2
sα4
S11 S12
sα4 sα3
S16 S17
sα3 sα2
sα4
S18 S19
sα2 sα1
sα4
S20 S21
sα3 sα4
sα1
S23 S22
sα1 sα3
S24
sα2
S25
sα3
S26
sα4
S27
[ Figure B : Hasse diagram of S ]
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From now on, we will assume that S0 contains a general line, i.e., Z0 intersects
Zgen = Z −Z ∩P(V (ω3)) nontrivially. Z0 is uniruled by lines in Z because L∩B has an
open orbit in Z0. Let z = gz0, where g ∈ P , be a point in the open L∩B-orbit in Z0. By
the same arguments as in the proof of Proposition 3.1 of [2], the variety A0 := Cz0(g
−1Z0)
of minimal rational tangents of g−1Z0 at z0 is a smooth linear section of A. However, it
is not obvious that A0 is invariant under the action of the Borel subgroup H ∩ B of H
(the same arguments in the proof of Proposition 2.4 do not apply because Z is no longer
a rational homogeneous manifold).
Lemma 4.2. A0 is invariant under the action of H ∩B.
Together with the fact that A0 is smooth, we get that A0 is the closure of an H ∩B-
orbit in A. Now A = (B2, α1, α2) = (C2, α2, α1) is the odd symplectic Grassmannian
Grω(2,C
5), smooth orbit closures of a Borel subgroup of H (of B2-type) in A other than
A itself are linear. Therefore, A0 is linear and hence Z0 is linear. Consequently, S0 is
linear. This completes the proof of Proposition 4.1. 
In the remaining section we will prove Lemma 4.2. We will consider S = G/P as a
hyperplane section of a rational homogeneous manifold S′ = G′/P ′ associated to a long
simple root, whose variety of minimal rational tangent is again a rational homogeneous
manifold of Picard number one.
The semisimple part of the reductive part L′ of P ′ is of type D5 and the variety Z
′
of minimal rational tangents of S′ at x0 is the L
′-orbit of z′0 := [v
′
5] in P(V
′), where V ′
is the D5-representation space of highest weight ̟5 and v
′
5 is a highest weight vector in
V ′. Since S is a hyperplane section of S′, Z is a hyperplane section of Z ′, too. The
reason why we introduce S′ is that its variety Z ′ of minimal rational tangents is a rational
homogeneous manifold, so that we can apply arguments in Section 2.3 to the closures of
L′ ∩B′-orbits in Z ′, while the variety Z of minimal rational tangents of S is not.
We will identify z0 with z
′
0 so that Z is the hyperplane section of Z
′ by P(V ) as
follows. As a representation space of D4, V
′ is the direct sum V ′′(̟3) ⊕ V
′′(̟4), where
V ′′(̟i) is the D4-representation space of highest weight ̟i for i = 1, . . . , 4, and as a
D4-variety, Z
′ is isomorphic to the closure of L′′-orbit of [v′′4 +v
′′
3 ] in P(V
′′(̟4)⊕V
′′(̟3)),
where v′′i is a highest weight vector in V
′′(̟i) for i = 1, . . . , 4 (Proposition 2.1). Since
Z ′ is homogeneous, we may identify z′0 = [v
′
5] with [v
′′
4 ]. If we identify z0 with z
′
0, V is a
hyperplane of V ′ and Z is the hyperplane section of Z ′ by P(V ). The embedding of Z
into Z ′ is that of (B3, α1, α3) into (D4, α4, α3) = (D5, α5).
Let Q′ be the isotropy group of L′ at z′0. The semisimple part H
′ of the reductive
part of Q′ is of type A4 and the variety A
′ of minimal rational tangents of Z ′ at z′0
is the H ′-orbit of [u′2], where u
′
2 is a highest weight vector of A4-representation space
U ′ of highest weight ω2. The semisimple part H
′′ of the reductive part of the isotropy
group of L′′ at z′0 is of type D3 = A3. As an A3-representation space U
′ is the direct
sum U ′′(̟1) ⊕ U
′′(̟2), where U
′′(̟i) is the A3-representation space of highest weight
̟i for i = 1, 2, 3, and as an A3-variety A
′ is isomorphic to the closure of A3-orbit of
[u′′1 + u
′′
2], where u
′′
i is a highest weight vector of U
′′(̟i) for i = 1, 2, 3 (Proposition 2.1).
As before, if we identify [u1] with [u
′′
1 ], U is a hyperplane of U
′ and A is the hyperplane
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section of A′ by P(U). The embedding of A into A′ is the embedding of (B2, α1, α2) into
(D3, α3, α2) = (A3, α1, α2) = (A4, α2).
Proof of Lemma 4.2. Let S′0 = S
′(w′), w′ ∈ WP
′
, be the Schubert variety of S′ correspond-
ing to S0. From S0 = S
′
0 ∩ P(W ) it follows that Z0 = Z
′
0 ∩ P(Tx0w
−1S0) = Z
′
0 ∩ P(Tx0S).
Z ′0 may have more than one irreducible components, but, since Z0 is smooth, there is an
irreducible component Z ′0
0 of Z ′0 such that Z0 = Z
′
0
0 ∩ P(Tx0S). By the invariance of Z
′
0
under the action of L′ ∩B′ (Proposition 2.4), Z ′0
0 is the closure of an L′ ∩B′-orbit in Z ′,
i.e., a Schubert variety of Z ′. By Proposition 2.4 again, for a general point g′z′0 in Z
′
0
0,
Cg′z′o(Z
′
0
0) is invariant under the action of g′(H ′ ∩B′) and thus A′0
0 := Cz′o(g
′−1Z ′0
0) is in-
variant under the action of H ′∩B′. Now Z0 = Z
′
0∩P(Tx0S), we have A0 = A
′
0
0∩P(Tz0Z).
Since A′0
0 is invariant under the action of H ′ ∩ B′, A0 is invariant under the action of
H ∩B = (H ′ ∩B′) ∩H. 
Proof of Theorem 1.2. By Proposition 4.1 any smooth Schubert variety of S of type
(F4, α4) is linear. Now the first statement follows from Proposition 3.5, and the second
statement follows from Proposition 3.6. 
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